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Example HMM: Eisner’s Ice Cream
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States represent weather on a given day: Hot, Cold  
Outputs represent number of ice creams Jason eats that day

Eisner

emission p. 
bC(2)

initial p. 
cH

transition p. 
aCH



Ice cream trellis
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t = 1 t = 2 t = 3

P1 = .012

P2 = .00008

P3 = .00004

P4 = .003

. . .

. . .

max
x1,x2,x3

P (x1, 3, x2, 1, x3, 3)

= 0.012

argmax
x1,x2,x3

P (x1, 3, x2, 1, x3, 3)

= H,H,H

y = (3,1,3)



Computing best path probs

0.8

0.2

H

C

. . .

. . .

1
2
3

0.5
0.4
0.1

1
2
3

0.2
0.4
0.4

0.3

0.4

0.7

0.6

H

C

H

C

1
2
3

0.2
0.4
0.4

1
2
3

0.2
0.4
0.4

1
2
3

0.5
0.4
0.1

1
2
3

0.5
0.4
0.1

0.3

0.4

0.7

0.6

V1(H) = .32

V1(C) = .02

V2(H) = .045

V2(C) = .048

V3(H) = .012

V3(C) = .003

Vt(j) = max
x1,...,xt�1

P (y1, . . . , yt, x1, . . . , xt�1, Xt = qj)

* 0.7 * 0.2 = .045

* 0.4 * 0.2 
= .0016

* 0.6 * 0.5 = .006

* 0.3 * 0.5 
= .048

* 0.7 * 0.4 = .012

* 0.4 * 0.4 
= .008

* 0.3 * 0.1 
= .001

* 0.6 * 0.1 = .003

y = (3,1,3)



The Viterbi Algorithm

• Base case, t = 1:  
 

• Inductive case, for t = 2, …, T: 

• Once we have calculated all V values, we can easily 
calculate prob of best path:

q1

q2

q3

qj

wt

a1j

a2j

a3j bj(wt)

Vt(j) = max
x1,...,xt�1

P (y1, . . . , yt, x1, . . . , xt�1, Xt = qj)

Vt(j) =
N

max
i=1

Vt�1(i) · aij · bj(yt)

max
x1,...,xT

P (x1, y1, . . . , xT , yT ) = max
q2Q

VT (q)

Vt�1(1)
<latexit sha1_base64="hbbgtFSW+aNou/fk6GHUQs8Kl8Q=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBT0GvXiMYB6YhDA7mU2GzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUA45j3g3pQIlAMIpWemz0Ujz3JiXvrFcoumV3BrJMvIwUIUOtV/jq9COWhFwhk9SYtufG2E2pRsEkn+Q7ieExZSM64G1LFQ256aaziyfk1Cp9EkTalkIyU39PpDQ0Zhz6tjOkODSL3lT8z2snGFx3U6HiBLli80VBIglGZPo+6QvNGcqxJZRpYW8lbEg1ZWhDytsQvMWXl0mjUvYuypX7y2L1JosjB8dwAiXw4AqqcAc1qAMDBc/wCm+OcV6cd+dj3rriZDNH8AfO5w8bgY/j</latexit>

Vt�1(2)
<latexit sha1_base64="YN5dtLZ/OsleVPOVXMB3c40t3Xw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBT0GvXiMYB6YhDA7mU2GzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUA45j3g3pQIlAMIpWemz0Ujz3JqXKWa9QdMvuDGSZeBkpQoZar/DV6UcsCblCJqkxbc+NsZtSjYJJPsl3EsNjykZ0wNuWKhpy001nF0/IqVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjupkLFCXLF5ouCRBKMyPR90heaM5RjSyjTwt5K2JBqytCGlLcheIsvL5NGpexdlCv3l8XqTRZHDo7hBErgwRVU4Q5qUAcGCp7hFd4c47w4787HvHXFyWaO4A+czx8dBo/k</latexit>

Vt�1(3)
<latexit sha1_base64="Mbhi6Z14C4WggNPvqkBbteMOZGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQD5akFfRY9OKxgv3ANpTNdtMu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Hbmt5+Y0jySDziJmReSoeQBpwSN9Njqp3jhTsu1836x5FScOexV4makBBka/eJXbxDRJGQSqSBad10nRi8lCjkVbFroJZrFhI7JkHUNlSRk2kvnF0/tM6MM7CBSpiTac/X3REpCrSehbzpDgiO97M3E/7xugsG1l3IZJ8gkXSwKEmFjZM/etwdcMYpiYgihiptbbToiilA0IRVMCO7yy6ukVa24tUr1/rJUv8niyMMJnEIZXLiCOtxBA5pAQcIzvMKbpa0X6936WLTmrGzmGP7A+vwBHouP5Q==</latexit>

V1(j) = P (y1, X1 = qj) = bj(y1) · cj
<latexit sha1_base64="ClicLywAPDirBSn8uZ/+4iGw7Og="></latexit>



Question 1: Language modeling

• Given an HMM and a string w1, …, wT, 
what is the likelihood P(w1 … wT)? 

• We can compute P(w1 … wT) efficiently with the  
forward algorithm.

The  representative  put  chairs  on  the  table.
DT NN VBD NNS IN

The  representative  put  chairs  on  the  table.

DT NN

DT JJ NN VBZ IN DT NN

p1

p2

P(sentence) = p1 + p2



The Forward Algorithm

• Key idea: Forward probability αt(j) that HMM 
outputs y1, …, yt and then ends in Xt = qj. 

• From this, can compute easily

↵t(j) = P (y1, . . . , yt, Xt = qj)

=
X

x1,...,xt�1

P (y1, . . . , yt, X1 = x1, . . . , Xt�1 = xt�1, Xt = qj)

P (y1, . . . , yT ) =
X

q2Q

↵T (q)



The Forward Algorithm

• Base case, t = 1:  
 

• Inductive case, compute for t = 2, …, T:

↵t(j) = P (y1, . . . , yt, Xt = qj)

↵t(j) = P (y1, . . . , yt, Xt = qj)

=
NX

i=1

P (y1, . . . , yt�1, Xt�1 = qi) · P (Xt = qj | Xt�1 = qi) · P (yt | Xt = qj)

=
NX

i=1

↵t�1(i) · aij · bj(yt) ↵t�1(1)

↵t�1(2)

↵t�1(3)

q1

q2

q3

qj

yt

a1j

a2j

a3j bj(yt)

↵1(j) = P (y1, X1 = qj) = bj(y1) · cj



Question 3a: Supervised learning

• Given a set of POS tags and annotated training data 
(w1,t1), …, (wT,tT), compute parameters for HMM 
that maximize likelihood of training data.

The  representative  put  chairs  on  the  table.
DT NN VBD NNS IN

Secretariat  is  expected  to  race  tomorrow.

DT NN

NNP VBZ VBN TO VB NR



Maximum likelihood training

• Estimate bigram model for state sequence: 

• ML estimate for emission probabilities: 

• Apply smoothing as you would for ordinary 
n-gram models (increase all counts C by one).

aij =
C(Xt = qi, Xt+1 = qj)

C(Xt = qi)

bi(o) =
C(Xt = qi, Yt = o)

C(Xt = qi)

cj =
# sentences with X1 = qj

# sentences



Evaluation

• How do you know how well your tagger works? 

• Run it on test data and evaluate accuracy. 
‣ Test data: Really important to evaluate on unseen sentences 

to get a fair picture of how well tagger generalizes. 

‣ Accuracy: Measure percentage of correctly predicted 
POS tags.



Evaluation on test data

The  representative  put  chairs  on  the  table.
DT NN VBD NNS IN

Secretariat  is  expected  to  race  tomorrow.

DT NN

NNP VBZ VBN TO VB NR

Trained system 
(e.g. HMM)

Tr
ai

ni
ng

John    loves    Mary.
NNP VBZ NNP

Test corpus (annotated)

John    loves    Mary.

Test corpus  
(without annotations)

John    loves    Mary.
NNP VBZ NNP

Ta
gg

in
g

co
m

pa
re

 th
es

e
System output

Training Evaluation

Training corpus (annotated)



Question 3b: Unsupervised learning

• Given a set of POS tags and unannotated training 
data w1, …, wT, compute parameters for HMM that 
maximize likelihood of training data. 

• Relevant because annotated data is expensive  
to obtain, but raw text is really cheap.

The  representative  put  chairs  on  the  table.

Secretariat is expected to race today.



The setup
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Given: HMM
without probs!

Observations: 2, 3, 3, 2, 3, 2, 3, 2, 2, 3, 1, 3, 3, …



The setup

• If we had counts of state transitions in corpus, we 
could simply use ML estimation. 

• Idea: replace actual counts by estimated counts. 

• How can we estimate counts?

aij =
C(qi ! qj)

C(qi ! •)

aij ⇡
Ĉ(qi ! qj)

Ĉ(qi ! •)



Estimated counts

Observations y 3 1 3

Hidden states x H H H
H H C

H C H

C C C

…

C(H → H)

2
1
0

0

P(x |  y)

0.408
0.034
0.272

0.136

*
*
*

*

+
+

+

0.864

Ĉ(qi ! qj) = E(qi ! qj) =
X

x

P̂ (x | y) · C(qi ! qj in x)

=
M�1X

t=1

P̂ (Xt = qi, Xt+1 = qj | y)

=



Expectation Maximization

estimated count 
of transitions 

in corpus

parameter 
estimate

corpus

E-step

aij ⇡
E(qi ! qj)

E(qi ! •) =
E(qi ! qj)P
j E(qi ! qj)

M-step

compute E(qi → qj)



Plan for computing E

• How can we compute     efficiently?  
Challenge: It is conditioned on y. 

• We compute 

• Do it in two steps: 
‣ compute 

‣ compute P(y), using forward algorithm

E(qi ! qj) =
M�1X

t=1

P̂ (Xt = qi, Xt+1 = qj | y)

P̂

⇠t(i, j) = P̂ (Xt = qi, Xt+1 = qj | y)

=
P̂ (Xt = qi, Xt+1 = qj , y)

P̂ (y)

⇠0t(i, j) = P̂ (Xt = qi, Xt+1 = qj , y)



⇠0t(i, j) = P̂ (Xt = qi, Xt+1 = qj , y)

X1

y1

Xt

yt

Xt+1

yt+1

XT

yT

qi qj

· aij · bj(wt+1) ·= �t(i) �t+1(j)

forward prob: backward prob:

P̂ (Xt = qi, Xt+1 = qj , y)

= P̂ (y1, . . . , yt, Xt = qi) · P̂ (yt+1, Xt+1 = qj | Xt = qi) · P̂ (yt+2, . . . , yT | Xt+1 = qj)

↵t(i) = P (y1, . . . , yt, Xt = qi) �t(i) = P (yt+1, . . . , yt | Xt = qi)

=P̂ (y1, . . . , yt, Xt = qi) · P̂ (yt+1, Xt+1 = qj | y1, . . . , yt, Xt = qi)

· P̂ (yt+2, . . . , yT | y1, . . . , yt+1, Xt = qi, Xt+1 = qj)



Backward probabilities

• Base case, t = T: 

• Inductive case, compute for t = T-1, …, 1: 

• Exact mirror image of forward.

�t(i) = P (yt+1, . . . , yt | Xt = qi)

�T (i) = 1 for all i  *

*) this is different in J&M because of qF

�t(i) =
NX

j=1

aij · bj(yt+1) · �t+1(j)

qi

yt

bi(yt)

q1

q2

q3

�t+1(1)

�t+1(2)

�t+1(3)



Putting it all together

• Compute estimated transition counts for all i, j, t: 

• Compute overall estimated transition counts: 

• Revised estimate of transition probabilities:

⇠t(i, j) =
⇠0t(i, j)

P̂ (y)
=

↵t(i) · aij · bj(yt+1) · �t+1(j)P
q ↵T (q)

E(qi ! qj) =
T�1X

t=1

⇠t(i, j)

aij ⇡
E(qi ! qj)

E(qi ! •)



The other parameters

• Revise initial and emission probabilities using 
estimated counts, in completely analogous way. 

• Here’s what it looks like for emission prob:

bj(o) ⇡

0

B@
TX

t=1
yt=o

�t(j)

1

CA /
TX

t=1

�t(j)

estimated count of 
o emitted in state qj

estimated count of 
state qj

�t(j) = P (Xt = qj | y) =
P̂ (Xt = qj , y)

P̂ (y)
=

↵t(j) · �t(j)

P̂ (y)



Forward-Backward Algorithm

estimated count 
of transitions 

in corpus

parameter 
estimate

corpus

E-step

M-step

compute α, β, γ

compute a, b

Continue computation until parameters don’t change much.

Initialization: start with some estimation of parameters.



Example
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Step 1: initial model

2, 3, 3, 2, 3, 2, 3, 2, 2, 3, 1, 3, 3, 1, 1, 1, 2, 1, 1, 1, 3, 1, 2, 1, 1, 1, 2, 3, 3, 2, 3, 2, 2
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E-Step
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α = 0.1 
β = 8E-18

α = 0.1 
β = 1E-18
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M-Step
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Step 2: revised model

2, 3, 3, 2, 3, 2, 3, 2, 2, 3, 1, 3, 3, 1, 1, 1, 2, 1, 1, 1, 3, 1, 2, 1, 1, 1, 2, 3, 3, 2, 3, 2, 2



E-Step
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M-Step
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Step 3: revised model
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Result after 10 iterations
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Some remarks

• Forward-backward algorithm also called  
Baum-Welch Algorithm after inventors. 

• Special case of the expectation maximization 
algorithm: 
‣ E-Step: Compute expected values of relevant counts 

based on current parameter estimate. 

‣ M-Step: Adjust model based on estimated counts. 

• Runtime of each iteration is O(N2 T). 
Most of the time goes into E-step.



Some remarks

• EM algorithm is guaranteed to improve likelihood 
of corpus in each iteration. 

• However, can run into local maxima: would have to 
go through worse model to find globally best one. 

• Extremely sensitive to initial parameter estimate.  
Only useful in practice if HMM structure very 
strongly constrained (e.g. speech recognition).



Conclusion

• Evaluate tagger on accuracy on unseen data. 

• Training algorithms for HMM estimation: 
‣ supervised training from annotated data: 

maximum likelihood 

‣ unsupervised training from unannotated data: 
forward-backward


